We study existence of invariant Einstein metrics on complex Stiefel manifolds G/K = SU(ℓ + m + n)/ SU(n) and the special unitary groups G = SU(ℓ + m + n).
Introduction
A Riemannian manifold (M, g) is called Einstein if it has constant Ricci curvature, i.e. Ric g = λ · g for some λ ∈ R. Besides the detailed exposition on Einstein manifolds in [Be] , we refer to [Wa1] , [Wa2] for more recent results. General existence results are difficult to obtain and some methods are described in [Bö] , [BöWaZi] and [WaZi] . For the case of homogeneous spaces the problem of finding all invariant Einstein metrics becomes slightly more accessible, due to the possibility of making symmetry assumptions, but still it is not easy. For example, the classification of invariant Einstein metrics for important classes of homogeneous spaces, such as the generalized Wallach spaces, was only recently achieved ( [ChNi] ). Also, for other classes of homogeneous spaces, such as the generalized flag manifolds, a complete classification of invariant Einstein metrics is still open. We refer to [Ar2] for more details. For Lie groups the problem of determining all left-invariant Einstein metrics is also quite difficult, even if one makes geometric assumptions, such as the natural reductivity of the metric.
In the present paper we study left-invariant Einstein metrics on the compact Lie group SU(n) and SU(n)-invariant Einstein metrics on the complex Stiefel manifolds V k C n = SU(n)/ SU(n − k), of orthonormal k-frames in C n . Two marginal cases are the sphere S 2n−1 = SU(n)/ SU(n − 1) = V 1 C n and the compact Lie group SU(n) = V n−1 C n . The first is an irreducible symmetric space, therefore it admits up to scale a unique SU(n)-invariant Einstein metric.
Left-invariant Einstein metrics on SU(n) have not been extensively studied. We recall that in [D'AZi] J.E. D'Atri and W. Ziller found a large number of left-invariant Einstein metrics on the compact Lie groups SU(n), SO(n) and Sp(n), which are naturally reductive and they posed the question whether there exist left-invariant Einstein metrics on compact Lie groups, which are not naturally reductive. This is not an easy problem in general, especially when the rank of the Lie group is small. For example, the number of leftinvariant Einstein metrics on the Lie groups SU(3) and SU(2) × SU(2) is not known (however see recent progress by F. Belgum, V. Cortés, A.S. Haupt and D. Lindemann in [BeCoHaLi] ).
In our recent work [ArSaSt2] we proved existence of left-invariant Einstein metrics on SO(n) (n ≥ 7), which are not naturally reductive. The problem of finding non naturally reductive left-invariant Einstein metrics on SU(n) was first considered in the unpublished work of K. Mori [Mo] , where he proved existence for n ≥ 6. He considered SU(n) fibered over a generalized flag manifold and used the method of Riemannian submersions (cf. [Be] ) to compute the Ricci tensor and to prove existence of left-invariant Einstein metrics. However, he considered a special class of left-invariant metrics on SU(n). One of our main results in this paper is to prove existence of non naturally reductive left-invariant Einstein metrics on SU(5). We also extend Mori's result.
The first invariant Einstein metrics on the real Stiefel manifolds V k R n = SO(n)/ SO(n− k) were obtained by A. Sagle in [Sa] . Later, G. Jensen obtained additional Einstein metrics on V k R n as well as on the quaternionic Stiefel manifolds V k H n = Sp(n)/ Sp(n − k) ( [Je] ). In the works [ArDzNi1] , [ArDzNi2] , [ArDzNi3] the first author, V.V. Dzhepko and Yu. G. Nikonorov proved existence of new invariant Einstein metrics on V k R n and V k H n , by making certain symmetry assumptions. The method was extended by the authors in [ArSaSt1] and [ArSaSt3] and obtained additional invariant Einstein metrics on these spaces.
Invariant Einstein metrics on complex Stiefel manifolds have not been studied before. Since the isotropy representation of V k C n contains equivalent irreducible subrepresentations, the search for invariant Einstein metrics on such homogeneous spaces G/H, is quite difficult. In fact, a complete description of the set of all G-invariant metrics, and in turn the computation of the Ricci tensor of G/H is complicated. Some other works where the authors studied invariant Einstein metrics for such type of homogeneous spaces, are [Ke] by M. Kerr, and [Ni1] , [Ni2] by Yu.G. Nikonorov. Also, in the previous mentioned works [ArDzNi1] , [ArDzNi2] , [ArDzNi3] , [ArSaSt1] and [ArSaSt3] , the Einstein metrics were obtained by using the generalized Wallach spaces G/H = SO(ℓ + m + n)/(SO(ℓ) × SO(m) × SO(n)) or Sp(ℓ + m + n)/(Sp(ℓ) × Sp(m) × Sp(n)), where the dimension of the center of the Lie algebra of H is at most 1. For the complex Stiefel manifolds G/K = SU(ℓ + m + n)/ SU(n) we find SU(ℓ + m + n)-invariant Einstein metrics by using the generalized Wallach space G/H = SU(ℓ + m + n)/ S(U(ℓ) × U(m) × U(n)) (a generalized flag manifold). In this case the dimension of the center of the Lie algebra of H is 2, which makes the description of invariant metrics more complicated.
In the present work we give a unified treatment for finding left-invariant Einstein metrics on the Lie group G = SU(ℓ + m + n), which are not naturally reductive, as well as SU(ℓ + m + n)-invariant Einstein metrics on the Stiefel manifold G/K = SU(ℓ + m + n)/ SU(n).
Our approach is the following: We consider the generalized flag manifold G/H = SU(ℓ + m + n)/ S(U(ℓ) × U(m) × U(n)) whose tangent space decomposes into a direct sum of irreducible and inequivalent submodules m = m 12 ⊕ m 13 ⊕ m 23 . We decompose the Lie algebra of H into its center h 0 and simple ideals h 1 , h 2 , h 3 . Then the Lie algebra of G decomposes into a direct sum g = h 0 ⊕h 1 ⊕h 2 ⊕h 3 ⊕m 12 ⊕m 13 ⊕m 23 . Also the tangent space of the Stiefel manifold G/K decomposes as p = h 0 ⊕ h 1 ⊕ h 2 ⊕ m 12 ⊕ m 13 ⊕ m 23 . Then we parametrize all scalar products in the center h 0 by further decomposing h 0 = h 4 ⊕ h 5 into one-dimensional ideals, and then consider appropriate Ad(S(U(ℓ)×U(m)×U(n))-invariant scalar products on g and p. These scalar products determine left-invariant metrics on G, and G-invariant metrics on G/H respectively.
Next, we pursue with the computation of the Ricci tensor for such metrics, which consists of a non diagonal part at the center h 0 and a diagonal part at h 1 ⊕ h 2 ⊕ h 3 ⊕ m 12 ⊕ m 13 ⊕ m 23 . We introduce the numbers i jk , which generalize the well known numbers i jk introduced by M. Wang and W. Ziller in [WaZi] . As a result, we obtain explicit expressions for the Ricci tensor in terms of the variables of the metric and ℓ, m, n, so the Einstein equation reduces to an algebraic system of equations r 0 = r 1 = · · · = r 8 = 0 with parameters ℓ, m, n. By making a suitable choice of a basis for the center of the Lie algebra of S(U(ℓ)×U(m)×U(n)), some of the equations become linear with respect to some variables (cf. Subsection 5.2). We also take ℓ = 1, m = 2, and then we use Gröbner bases methods and arguments using the resultant of polynomials, to obtain explicit solutions, or prove existence of positive solutions for such systems.
For the case of the complex Stiefel manifold SU(p + n)/ SU(n) some of the SU(p + n)invariant Einstein metrics are obtained from solutions of quadratic equations. We call these Einstein metrics of Jensen's type, because they are of the form g = B| m + s 2 B| h 0 + t 2 B| su(p) , on the total space of fibrations SU(p + n)/ SU(n) → SU(p + n)/ S(U(p) × U(n)), where m is the orthogonal complement of s(u(p) + u(n)) in su(p + n), h 0 is the center of the Lie algebra of s(u(p) + u(n)) and B is the negative of the Killing form of g (cf. [Je] ).
Our results for the special unitary group are the following:
Theorem 1.1. The compact Lie group SU(5) admits left-invariant Einstein metrics which are not naturally reductive.
Theorem 1.2. The compact Lie group SU(4 + n) admits at least two non naturally reductive left-invariant Einstein metrics for 2 ≤ n ≤ 25 and four non naturally reductive left-invariant Einstein metrics for n ≥ 26.
Our results for the complex Stiefel manifold are the following: Theorem 1.3. 1) The complex Stiefel manifold V 2 C 4 = SU(4)/ SU(2) admits two Ad( S(U(1) × U(1) × U(2))-invariant Einstein metrics which are of Jensen's type.
2) The complex Stiefel manifold V 3 C 5 = SU(5)/ SU(2) admits four Ad(S(U(1) × U(2) × U(2))-invariant Einstein metrics, two of these are of Jensen's type.
3) The complex Stiefel manifold V 4 C 6 = SU(6)/ SU(2) admits eight Ad(S(U(2) × U(2) × U(2))-invariant Einstein metrics, two of these are of Jensen's type.
Theorem 1.4. The complex Stiefel manifolds V 2m C 2m+n (m ≥ 2) admit at least two Ad(S(U(m) × U(m) × U(n)))-invariant Einstein metrics which are not of Jensen's type, for certain infinite values of m and n.
The Ricci tensor for reductive homogeneous spaces
Let G be a compact semisimple Lie group, K a connected closed subgroup of G and let g and k be the corresponding Lie algebras. The Killing form of g is negative definite, so we can define an Ad(G)-invariant inner product B on g, where B is the negative of the Killing form of g. Let g = k ⊕ m be a reductive decomposition of g with respect to B so that [ k, m ] ⊂ m and m ∼ = T o (G/K).
Any G-invariant metric g on G/K is determined by an Ad(K)-invariant scalar product , on m. Let {X j } be a , -orthonormal basis of m. Then the Ricci tensor r of the metric g is given as follows ( [Be, p. 381] ):
If the isotropy representation of G/K is decomposed into a sum of non equivalent irreducible summands, then we will also use an alternative expression for the Ricci tensor, which we describe next. Let
be a decomposition into mutually non equivalent irreducible Ad(K)-modules. Then any G-invariant metric on G/K is determined by the scalar product
for positive real numbers (x 1 , . . . , x q ) ∈ R q + . Note that G-invariant symmetric covariant 2-tensors on G/K are of the same form as the Riemannian metrics (although they are not necessarily positive definite). In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as (3), that is
for some real numbers z 1 , . . . , z q .
Let {e α } be a B-orthonormal basis adapted to the decomposition of m, i.e. e α ∈ m i for some i, and α < β if i < j. We put A γ αβ = B ([e α , e β ] , e γ ) so that [e α , e β ] = γ A γ αβ e γ and set k ij = (A γ αβ ) 2 , where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [WaZi] ). Then the positive numbers k ij are independent of the Borthonormal bases chosen for m i , m j , m k , and k ij = k ji = j ki . We call these numbers B-structure constants.
Let d k = dim m k . Then we have the following:
The components r 1 , . . . , r q of the Ricci tensor r of the metric , of the form (3) on G/K are given by
where the sum is taken over i, j = 1, . . . , q.
Since by assumption the submodules m i , m j in the decomposition (2) are mutually non equivalent for any i = j, it is r(m i , m j ) = 0 whenever i = j. Thus by Lemma 2.1 it follows that G-invariant Einstein metrics on M = G/K are exactly the positive real solutions g = (x 1 , . . . , x q ) ∈ R q + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r q = λ}, where λ ∈ R + is the Einstein constant.
3. Invariant metrics on SU(ℓ + m + n) and on V ℓ+m C ℓ+m+n = SU(ℓ + m + n)/ SU(n) 3.1. Decomposition of tangent spaces. We will describe decompositions of the tangent spaces of the Lie group SU(ℓ + m + n) and the Stiefel manifold SU(ℓ + m + n)/ SU(n) at corresponding identity elements, which will be convenient for our study. We consider the homogeneous space G/H = SU(ℓ+m+n)/ S(U(ℓ)×U(m)×U(n)), which is a complex generalized flag manifold. It is known that the isotropy representation of G/H is a direct sum of three non equivalent subrepresentations, hence the tangent space m of G/H at eH decomposes into three non equivalent Ad(H)-submodules m = m 12 ⊕ m 13 ⊕ m 23 , given by
where M ℓ,m C denotes the set of all ℓ × m complex matrices. In fact, m is given by k ⊥ in g = su(ℓ + m + n) with respect to B.
Let h = h 0 ⊕ h 1 ⊕ h 2 ⊕ h 3 be the decomposition of h, the Lie algebra of H, into its 2-dimensional center h 0 and simple ideals, given by
Then the Lie algebra g splits into h and three Ad(H)-irreducible modules as
This is an orthogonal decomposition with respect to B. Let
where b 1 = a 1 +a 2 , b 2 = (ma 1 −ℓa 2 )/(ℓ+m), and consider the B-orthogonal decomposition h 0 = h 4 ⊕ h 5 , where h 4 = span{H 4 }, h 5 = span{H 5 }.
Then decomposition (5) becomes
We also consider the complex Stiefel manifold G/K = SU(ℓ + m + n)/ SU(n) and the Ad(K)-invariant decomposition of its tangent space p at eK, given by
By a direct computation we obtain the following:
Lemma 3.1. The submodules in the decompositions (6), (7) satisfy the following bracket relations:
Therefore, we see that the only non zero B-structure constants (up to permutation of indices) are (23) .
In order to compute the triplets i jk we need the following lemma from [ArDzNi1] adjusted to our case (for a more detailed proof see also [ArSaSt1, Lemma 5.2] ).
Lemma 3.2. Let q be a simple subalgebra of g = su(N). Consider an orthonormal basis {f j } of q with respect to B (negative of the Killing form of su(N)), and denote by B q the Killing form of q. Then, for i = 1, . . . , dim q, we have
Then the following expressions are valid: 
The triplets 2 22 and 3 33 can be computed in a similar manner, by choosing q = su(m) and q = su(n) respectively. Now let q = su(ℓ + m) and {f j } be an orthonormal basis of q with respect to B g . Since su(ℓ + m) = su(ℓ) ⊕m 12 ⊕su(m) ⊕h 5 , we adapt the basis {f j } to this decomposition as follows:
For
The other B-structure constants can be computed in an analogous way.
3.2.
A parametrization of invariant metrics. We now consider left-invariant metrics on SU(ℓ+m+n) determined by the Ad(H)-invariant scalar products on g = su(l +m+n). Note that in the decomposition (5) the Ad(H)-irreducible modules h 1 , h 2 , h 3 , m 12 , m 13 and m 23 are mutually non equivalent. So any Ad(H)-invariant scalar product h on su(ℓ+m+n) can be expressed in the form
where β| h 0 is a scalar product on h 0 . Let ·, · be an arbitrary scalar product on h 0 . Then the matrix of ·, · with respect to the basis {H 4 , H 5 } can be orthogonally diagonalized diag{v 4 , v 5 }, for some positive numbers v 4 , v 5 . Then there is an orthonormal basis {V 4 , V 5 } with respect to some scalar product ·, · of h 0 , such that (11) ·, · = v 4 ·, · |h 4 + v 5 ·, · |h 5 , v 4 , v 5 > 0, whereh 4 = span{V 4 } andh 5 = span{V 5 }. The basis {V 4 , V 5 } is related to the basis {H 4 , H 5 } by
Therefore, the matrix of the scalar product ·, · with respect to {H 4 , H 5 } is given by
Now, for any a b c d ∈ Gl 2 R and for any v 4 , v 5 > 0 the matrix A is positive definite, therefore, any scalar product β| h 0 on h 0 has the form (11).
We now consider decomposition (6)
and left-invariant metrics on SU(ℓ+m+n) determined by the Ad(S(U(ℓ)×U(m)×U(n)))invariant scalar products on g = su(ℓ + m + n) of the form
= u 1 B| n 1 + u 2 B| n 2 + u 3 B| n 3 + v 4 ·, · | n 4 + v 5 ·, · | n 5 + + x (6) B| n 6 + x (7) B| n 7 + x (8) B| n 8 , where we have set x (6) = x 12 , x (7) = x 13 , x (8) = x 23 .
We also consider SU(ℓ + m + n)-invariant metrics on the Stiefel manifolds SU(ℓ + m + n)/ SU(n) determined by the Ad(S(U(ℓ) × U(m) × U(n)))-invariant scalar products on (16) p = n 1 ⊕ n 2 ⊕ n 4 ⊕ n 5 ⊕ n 6 ⊕ n 7 ⊕ n 8 of the form
Let {H 4 ,H 5 } be an orthonormal basis of h 0 with respect to B, wherẽ
An easy calculation gives that
Also, note that H 4 ,H 5 might be non zero. Let {U 4 , U 5 } be an orthonormal basis of h 0 = h 4 ⊕ h 5 with respect to g 1 , where
Let {X (i) j : j = 1, . . . , dim n i } be an orthonormal basis of n i , i = 1, 2, 3, 6, 7, 8 with respect to B. If we set
then the set {X (i) j : j = 1, . . . , dim n i } is an orthonormal basis of n i , i = 1, 2, 3, 6, 7, 8 (resp. i = 1, 2, 6, 7, 8) with respect to g 1 (resp. g 2 ).
Note that the scalar product g 1 is not in general bi-invariant, because
, for k = 4, 5. Therefore, it is convenient to express the scalar product (11) in terms of B. We have the following:
l , i = 6, 7, 8 the following relations are satisfied:
Proof. For the first relation we have: 
the right-hand side in the last equation above can be written as
On the other hand, by (12) it follows that p = d ad−bc , r = −c ad−bc , q = −b ad−bc , s = a ad−bc , therefore, we finally obtain that
,H 5 ) . The second relation can be proved by a similar manner.
To state the following lemma (which we will use shortly in the next section) we need to choose orthonormal Weyl bases for the modules m 12 , m 13 and m 23 . Let E ij denote the N × N matrix with 1 in the (i, j)-entry and 0 elsewhere, and define the matrices
Lemma 3.5. The following Lie bracket relations are satisfied:
4. The Ricci tensor for left-invariant metrics on SU(ℓ + m + n) and invariant metrics on SU(ℓ + m + n)/ SU(n)
Note that any Ad(H)-invariant symmetric bilinear form of su(N) can be expressed as
where γ| h 0 is a symmetric bilinear form on h 0 . In particular, the Ricci tensor of the metrics (15) and (17) is of the same form (for metrics (17) the term w 3 B| h 3 is omitted). Hence we divide its study to the part in the center of h 0 and its diagonal part.
4.1. The Ricci tensor for the center part h 0 of the scalar products (15), (17).
To compute the Ricci tensor of the metrics corresponding to the invariant scalar products (15) and (17), for the center part h 0 , we will use formula (1). We know that [h 0 , n j ] ⊂ n j , j = 6, 7, 8 and [h 0 , n i ] = 0, i = 1, 2, 3. Then we have the following:
Proposition 4.1. Let g denote any of the scalar products (15), (17) and let Z, W ∈ h 0 . Then it is
Proof. Let {X (i) j : j = 1, . . . , dim n i } be the orthonormal basis of n i , i = 6, 7, 8 with respect to g. Then:
In order to compute the Ricci tensor for the invariant metrics (15) we define new numbers, which we call them Q-structure constants, by
is not always equal to j ik . However, in view of decomposition (14) we have the following relations: LetÃ ij = µA ij ,B ij = µB ij be B-orthonormal vectors of SU(N), for some real constant µ. Then the sets {Ã ij ,B ij : i = ℓ + 1, . . . , ℓ + m; j = 1, . . . , ℓ}, {Ã ij ,B ij : i = ℓ + m + 1, . . . , N; j = 1, . . . , ℓ} and {Ã ij ,B ij : i = ℓ+m+1, . . . , N; j = m+1, . . . , m+ℓ} constitute orthonormal bases for n 6 = m 12 , n 7 = m 13 and n 8 = m 23 respectively. 
Proof. We will prove the first relation and the others can be calculted similarly. It is
In the second equation above we used (11) and Proposition 3.4, in the forth equation we used the bi-invariance of the Killing form and in the fifth and seventh equations we used Lemma 3.5. By substituting c 2 from (18) in the last equation we obtain the desired expression.
Proposition 4.4. The components of the Ricci tensor of the left-invariant metric corresponding to the scalar product (15) and of the SU(ℓ + m + n)-invariant metrics corresponding to the scalar products (17) for the center h 0 , are given as follows:
Proof. We will work with the left-invariant metrics (15) on the Lie group SU(ℓ + m + n).
Then by using equation (1) we have
where the first term in the second equality was obtained by Proposition 4.1. We will simplify the last term in the above expression for r 4 . It is
By using the Lie bracket relations of Lemma 3.1 it follows that the last three terms in the above sum are equal to zero. For the first term we have the following:
l ] ⊂ n i and the term vanishes. If i = 6, 7, 8 then [X
from which (24) follows. By similar computations we obtain (25). Now let U 4 ∈h 4 and U 5 ∈h 5 . Then
We will simplify the last term in the above equation. We have:
By using the Lie brackets relations of Lemma 3.1 it is easy to see that the last three terms are equal to zero. For the first term we have:
l ] ⊂ n 1 ⊕ · · · ⊕ n 5 , and we introduce the following notations:
Then by using Proposition 3.4 we obtain that
where in the third equation we used the bi-invariance of the Killing form and in the fifth equation we used Lemma 3.5. Then equation (27) follows. Similar calculations apply for the SU(ℓ + m + n)-invariant metrics (17) on the Stiefel manifolds SU(ℓ + m + n)/ SU(n), where the terms for i = 3 in all sums above are omitted.
4.2.
The Ricci tensor for the diagonal parts of the scalar products (15), (17). We need the following variant of Lemma 2.1. Since the Ricci tensor for the metrics (15) and (17) is Ad(H)-invariant, by using Schur's lemma and the Q-structure constants, we can describe the Ricci components of the diagonal parts of these metrics.
Lemma 4.5. The components of r 1 , r 2 , r 3 , r 6 , r 7 , r 8 of the Ricci tensor r for the metrics corresponding to the scalar products of the form (15) are given as follows:
where the sum is taken over i, j = 1, . . . , 8 and the variables y i denote corresponding variables u i , v i , x (i) of the metric (15).
By using relations (21) we obtain the following:
Proposition 4.6. The components of the Ricci tensor for the diagonal part of the leftinvariant metrics corresponding to the scalar products (15) are given as follows:
,
.
For the SU(ℓ + m + n)-invariant metrics corresponding to the scalar products (17), there is no r 3 component and the components r 7 , r 8 simplify by using that 3 * * = 0.
Proof. It follows from Lemma 4.5 and relations (21) 
Proposition 4.8. The components of the Ricci tensor for the diagonal part of the SU(ℓ + m + n)-invariant metric (17) on SU(ℓ + m + n)/ SU(n) are given as follows:
Non naturally reductive Einstein metrics on the compact Lie group
Here , denotes the inner product on m induced from the Riemannian metric g. Classical examples of naturally reductive homogeneous spaces include irreducible symmetric spaces, isotropy irreducible homogeneous manifolds, and Lie groups with bi-invariant metrics. In general it is not always easy to decide if a given homogeneous Riemannian manifold is naturally reductive, since one has to consider all possible transitive actions of subgroups G of the isometry group of (M, g). In [D'AZi] D'Atri and Ziller investigated naturally reductive metrics among left-invariant metrics on compact Lie groups and gave a complete classification in the case of simple Lie groups. Let G be a compact, connected semisimple Lie group, L a closed subgroup of G and let g be the Lie algebra of G and l the subalgebra corresponding to L.
Recall that B is the negative of the Killing form of g, so B is an Ad(G)-invariant inner product on g. Let m be an orthogonal complement of l with respect to B. Then we have
Let l = l 0 ⊕ l 1 ⊕ · · · ⊕ l p be a decomposition of l into ideals, where l 0 is the center of l and l i (i = 1, . . . , p) are simple ideals of l. Let A 0 | l 0 be an arbitrary metric on l 0 .
Theorem 5.1. ([D'AZi, Theorem 1, p. 9]) Under the notations above a left-invariant metric on G of the form
Moreover, if a left-invariant metric , on a compact simple Lie group G is naturally reductive, then there is a closed subgroup L of G and the metric , is given by the form (28).
For the Lie group SU(ℓ + m + n) we consider left-invariant metrics determined by Ad(S(U(ℓ) × U(m) × U(n)))-invariant scalar products (10).
Proposition 5.2. If a left invariant metric of the form (10) on SU(ℓ + m+ n) is naturally reductive with respect to SU(ℓ + m + n) × L, for some closed subgroup L of SU(ℓ + m + n), then one of the following holds:
(1) the metric (10) is either
Conversely, if one of the conditions (1), (2) is satisfied, then the metric of the form (10) is naturally reductive with respect to SU(ℓ + m + n) × L, for some closed subgroup L of SU(ℓ + m + n).
Proof. Let l be the Lie algebra of L. Then we have that either l ⊂ h = s(u(ℓ)⊕u(m)⊕u(n)) or l ⊂ h. First we consider the case of l ⊂ h. Let k be the subalgebra of g generated by l and h. Since su(ℓ + m + n) splits into h and three Ad(H)-irreducible modules m 12 , m 13 , m 23 as g = h ⊕ m = h 0 ⊕ h 1 ⊕ h 2 ⊕ h 3 ⊕ m 12 ⊕ m 13 ⊕ m 23 , where the Ad(H)irreducible modules m 12 , m 13 , m 23 are mutually non equivalent, we see that the Lie algebra k contains at least one of m 12 , m 13 , m 23 . Let us assume that k contains m 12 . Note that [m 12 , m 12 ] ⊂ h 1 ⊕ h 2 ⊕ h 0 and thus k contains su(ℓ + m). Thus we see that k contains the Lie subalgebra s(u(ℓ + m) ⊕ u(n)). If k = s(u(ℓ + m) ⊕ u(n)), then we obtain an irreducible decomposition su(ℓ + m + n) = k ⊕ n, where n = m 13 ⊕ m 23 . Hence, a naturally reductive left invariant metric of the form (10) is Ad(S(U(ℓ + m) × U(n)))-invariant and x (7) = x (8) , so we obtain case (i). Cases (ii) and (iii) are obtained by a similar way. Furthermore, if k = s(u(ℓ + m) ⊕ u(n)), then k contains m 13 or m 23 . In this case we can see that k = su(ℓ + m + n). Thus the metric is bi-invariant. Now we consider the case l ⊂ h. Since the orthogonal complement l ⊥ of l with respect to B contains the orthogonal complement h ⊥ of h, we see that l ⊥ ⊃ m 12 ⊕m 13 ⊕m 23 . Since the left invariant metric of the form (10) is naturally reductive with respect to G × L, it follows that x (6) = x (7) = x (8) by Theorem 5.1. The converse is a direct consequence of Theorem 5.1.
5.2.
Non naturally reductive Einstein metrics on SU(ℓ + m + n). To find non naturally reductive Einstein metrics on SU(ℓ + m + n) we need to solve the system (cf. Propositions 4.4, 4.7)
We claim that it is possible to choose a basis {V ′ 4 , V ′ 5 } of h 0 so that the matrix of the scalar product (11) with respect to {H 4 , H 5 } is given by
for some real number γ and v ′ 4 , v ′ 5 > 0. Hence, without loss of generality we may choose a = d = 1 and b = 0.
Indeed, by using the QR-decomposition we obtain that
for some real numbers x, y, γ, with x, y non zero. So the matrix A (cf. (13)) takes the form
By changing the orthonormal basis {V 4 , V 5 } into some orthonormal basis {V ′ 4 , V ′ 5 }, the matrix A can be expressed as
which gives expression (30). We also assume that ℓ = 1, m = 2. In this case it is h 1 = 0, so for SU(3 + n) system (29) reduces to r 0 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0.
Notice that in the above system there is no u 1 variable. By setting x (7) = 1 in the equation r 0 = 0 we obtain that
We substitute c into the system (31) and interestingly, we observe that the equations r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0, that is,
are linear with respect to u 2 , u 3 , v 4 and v 5 . By solving the above equations with respect to u 2 , u 3 , v 4 and v 5 we obtain
We substitute the above expressions for u 2 , u 3 , v 4 and v 5 into the equations
and obtain two equations F 1 (x (6) , x (8) ) = 0 and F 2 (x (6) , x (8) ) = 0 with parameter n. It is possible to pursue computations for any value of n. However, we will restrict ourselves to the case n = 2, not only due to space limitations, but also because this corresponds to the Lie group SU(5) (the special unitary group of lowest rank known up to now to admit a non naturally reductive Einstein metric). In this case c = − 2(x (8) 2 −1) √ 5(x (8) 2 +2) and the substitution of u 2 , u 3 , v 4 , v 5 into the equations r 2 − r 3 = 0 and r 3 − r 4 = 0 gives the equations −10(x (6) −1)x (6) F 1 (x (6) , x (8) ) = 0 and 10(x (8) −x (6) )F 2 (x (6) , x (8) ) = 0, where 
Actually, the computer outputs are −10(x (6) − 1)x (6) F 1 (x (6) , x (8) )/A and 10(
− 2) 2 , but we omit A and B since these are non zero.
If either x (8) − x (6) = 0 or x (6) = 1 then the solutions obtained correspond to naturally reductive Einstein metrics.
Next, we solve the equations F 1 = 0, F 2 = 0. We consider the polynomial ring R = Q[z, x (6) , x (8) ] and the ideal I generated by the polynomials { z x (6) x (8) − 1, F 1 , F 2 }. We take a lexicographic ordering > with z > x (6) > x (8) for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains a polynomial of x (8) given by 
We consider an ideal J generated by the polynomials {F 1 , F 2 , g 1 }. We take a lexicographic ordering > with x (6) > x (8) for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal J contains the polynomial g 1 of x (8) and a polynomial h 1 of x (6) and x (8) of the form
where a ∈ R and b i ∈ R (i = 0, 1, . . . , 49). By solving g 1 = 0 and h 1 = 0 approximately, we obtain the following results:
(1) (x (6) , x (8) ) ≈ (1.887796062233598, 1.815613725084982) (2) (x (6) , x (8) ) ≈ (0.5297182359925161, 0.9617636996958176).
By substituting these values into u 2 , u 3 , v 4 , v 5 , we obtain the following: For the solutions (1) we have (u 2 , u 3 , v 4 , v 5 ) ≈ (0.614275909576, 0.790016897212, 1.4193906403596, 1.9248702704348) and for the solutions (2) we have (u 2 , u 3 , v 4 , v 5 ) ≈ (0.4184863571955, 0.325393151233, 1.3614688261843, 0.5631000275946).
From the above computations we obtain the following:
Theorem 5.3. The compact Lie group SU(5) admits two non naturally reductive Einstein metrics which correspond to Ad(S(U(1) × U(2) × U(2)))-invariant inner products of the form (15).
It is possible to show that the compact Lie group SU(n + 3) admits two left-invariant non naturally reductive Einstein metrics, which correspond to Ad(S(U(1)×U(2)×U(n)))invariant inner products of the form (15), for 2 ≤ n ≤ 12. Also, we conjecture that for n ≥ 13, SU(n + 3) admits four left-invariant non naturally reductive Einstein metrics. In this case the difficulty is to find, for general n, a Gröbner basis for the system of polynomials.
5.3.
A generalization of Mori's result. Now we consider the cases when ℓ = m = 2, n ≥ 2 and c = 0, so that x (7) = x (8) = 1. In [Mo] K. Mori proved existence of one Einstein metric on SU(4 + n), which corresponds to Ad(S(U(2) × U(2) × U(n)))-invariant inner products of the form (15). We generalize this result as follows:
Theorem 5.4. The compact Lie group SU(4 + n) admits two non naturally reductive Einstein metrics for 2 ≤ n ≤ 25 and four non naturally reductive Einstein metrics for n ≥ 26, which correspond to Ad(S(U(2) × U(2) × U(n)))-invariant inner products of the form (15).
Proof. To find non naturally reductive Einstein metrics on SU(4 + n) we will use Propositions 4.4 and 4.7. We consider the system of equations
From r 4 − λ = 0 we see that 1/4(−4λ + v 4 ) = 0 and from r 7 − λ = 0, r 8 − λ = 0, we obtain that u 2 = u 1 . By substituting these values into r 5 − λ = 0, r 6 − λ = 0 and r 7 − λ = 0, we obtain the equations:
By solving these equations with respect to u 1 , u 3 , v 4 , we obtain
Now we see that the equations r 1 − λ = 0 and r 3 − λ = 0 become respectively:
By substituting the values u 1 , v 4 into r 1 − λ = 0, we obtain
and then by substituting the values u 3 , v 4 into r 3 − λ = 0, we obtain n 2(n − 1) 2 (n + 1) 2 x (6) 4 − n 4 v 5 2 x (6)
If v 5 = x (6) , then we obtain naturally reductive metrics. We then consider the case (34). By substituting the value v 5 into (33) we obtain an equation for x (6) of degree 16:
F (x (6) , n) = n 7 (2n + 5) n 2 + 4n + 9 x (6) 16 − 4n 7 (n + 4) n 2 + 8n + 19 Thus we see that the solutions are given by x (6) = 1 and x (6) ≈ 1.17941. For n ≥ 3 we see, for x (6) = 1, F (1, n) = −3(n − 2)(n + 2) 2 (n + 6) 2 n 4 + 14n 3 + 69n 2 + 134n + 76 < 0.
We also see that F (2, n) = 32 1024n 10 + 8704n 9 + 34368n 8 + 87488n 7 + 164144n 6 + 239040n 5 +274217n 4 + 242156n 3 + 150555n 2 + 55429n + 8500 > 0.
We have and thus we see that F (1/2, n) > 0, for n ≥ 26. We also have Thus we obtain that, for 2 ≤ n ≤ 25 there exist two positive solutions and for n ≥ 26 there exist four positive solutions of the equation F (x (6) , n) = 0.
By substituting the value of v 5 into u 1 , u 3 and v 4 , we also have the following:
We claim that the value of u 3 in (35) is positive, whenever x (6) is a solution of F (x (6) , n) = 0. Indeed, from equation (35) it follows that
Now, by taking the resultant of Res x (6) (F (x (6) , n), G(x (6) , u 3 ) with respect to x (6) , we obtain the equation of u 3 :
Res x (6) (F, G) = 79805105467783573929984(n − 1) 16 n 49 (n + 1) 16 (n + 3) 4 (2n + 3) 2 (2n + 5) ×(4n + 1) 32(n + 4) n 2 + 4n + 5 2 n 2 + 4n + 9 n 2 + 4n + 11 4 u 3 16 − 64(n + 4) +1549629n 2 + 797301n + 140922 u 3 3 + 6n 6 (n + 3) 2 640n 7 + 9724n 6 + 59268n 5 + 184899n 4 +310716n 3 + 268199n 2 + 98498n + 7209 u 3 2 − 4n 7 (n + 3) 3 (n + 4)(2n + 3) 64n 3 + 322n 2 +465n + 159 u 3 + n 7 (n + 3) 4 (2n + 3) 2 (2n + 5)(4n + 1) = 0.
By looking at the coefficients of the polynomial, we see that if Res x (6) (F, G) has real solutions, then these are positive.
5.4. The case of SU(4) and SU(3). We will show that the compact Lie groups SU(4) and SU(3) admit only naturally reductive Einstein metrics of the form (15). For SU(4) we prove the following:
Theorem 5.5. The compact Lie group SU(4) with metrics corresponding to Ad(S(U(1) × U(1) × U(2)))-invariant inner products of the form (15) admits only naturally reductive Einstein metrics, that is, bi-invariant metric and the metric (15) with x (6) = u 3 = v 5 = 5/11, x (7) = x (8) = 1, v 4 = 73/55.
Proof. Let ℓ = m = 1 and n = 2. In this case we have h 1 = h 2 = 0, so we do not have u 1 and u 2 variables. To find Einstein metrics we need to solve the system of equations (36) r 3 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0, r 0 = 0.
We set x (7) = 1. Then from r 0 = 0 we have that c = −(x (8) − 1)(x (8) + 1)/ √ 2(x (8) 2 + 1) . By substituting c into the first five equations of system (36), we obtain the system
First we study the case when x (8) = 1. Then c = 0 and equations r 3 −r 4 = 0, r 4 −r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0 reduce to
From f 3 = 0 we have v 5 = x (6) , so by substituting this into f 2 , f 4 we obtain:
f 2 = −2x (6) −2v 4 x (6) + x (6) 2 + 1 = 0, f 4 = 4x (6) 3u 3 x (6) + 2v 4 x (6) + 7x (6) 2 − 16x (6) + 4 = 0.
By solving f 2 = 0 with respect to v 4 , we have v 4 = (x 2 (6) + 1)/2x (6) . We substitute this into f 1 = 0 and f 4 = 0 and thus we obtain: 2(u 3 − x (6) )(u 3 x (6) − 1)/x (6) = 0, 4x (6) 3u 3 x (6) + 8x (6) 2 − 16x (6) + 5 = 0.
From the first equation above we see that u 3 = x (6) or u 3 = 1/x (6) . We substitute the u 3 = x (6) into the second equation above and we have 11x 2 (6) − 16x (6) + 5 = 0, whose solutions are x (6) = 5/11 and x (6) = 1. Now we substitute u 3 = 1/x (6) and we obtain 8x 2 (6) − 16x (6) + 8 = 0 whose solution is x (6) = 1. For x (6) = 1 we have u 3 = v 4 = v 5 = x (8) = 1. This metric corresponds to a biinvariant metric which is naturally reductive. For x (6) = 5/11 from the above we have u 3 = v 5 = 5/11, v 4 = 73/55, so from Proposition 5.2 we have that this metric is also naturally reductive. Now we study the case when x (8) = 1. By solving f 2 = 0, f 3 = 0, f 4 = 0, we obtain
By substituting these u 3 , v 4 , v 5 into f 1 , f 5 , we can see that the equations f 1 = 0 and f 5 = 0 reduce to the polynomial equations of x (6) and x (8) :
By taking the resultant Res x (8) (F 1 , F 5 ) of F 1 and F 5 with respect to x (8) , we obtain Res Now we can see that the factor of degree 16 in the polynomial Res x (8) (F 1 , F 5 ) of x (6) does not have real roots by using computer manipulation, thus there are no solutions for the system of equations for x (8) = 1. If x (6) = 1 then Proposition 5.2 (1, (ii)) implies that the metric is naturally reductive and this concludes the proof.
We now proceed with SU(3) and we prove the following:
Theorem 5.6. The compact Lie group SU(3) admits only naturally reductive Einstein metrics which correspond to Ad(S(U(1) × U(1) × U(1)))-invariant inner products of the form (15) Proof. Let ℓ = m = n = 1. In this case we have h 1 = h 2 = h 3 = 0, so we do not have u 1 , u 2 and u 3 variable. To find Einstein metrics we need to solve the system (37) r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0.
We set x (7) = 1. Then from r 0 = 0 we have that c = −(x (8) 2 − 1)/ √ 3(x (8) 2 + 1) . By substituting c into the system (37), this reduces to the system
First we study the case where x (8) = 1. Then the equations r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0 reduce to the system
From g 2 = 0 we have v 5 = x (6) , so we substitute into g 1 , g 3 and we take g 1 = −3v 4 x (6) + x (6) 2 + 2 = 0, g 3 = 3v 4 x (6) + 5x (6) 2 − 12x (6) + 4 = 0.
We solve g 1 with respect to v 4 and we have v 4 = (x (6) 2 + 2)/(3x (6) ). We substitute into g 3 and we take 6x 2 (6) − 12x (6) + 6 = 0, whose solution is x (6) = 1. From the above calculations we have that v 5 = v 4 = 1. So the only Einstein metric is the bi-invariant metric which is naturally reductive. Now we study the case when x (8) = 1. By solving g 2 = 0, g 3 = 0, we obtain
By substituting these v 4 , v 5 into g 1 , g 4 , we can see that the equations g 1 = 0 and g 4 = 0 reduce to the polynomial equations of x (6) and x (8) :
By taking the resultant Res x (8) (G 1 , G 4 ) of G 1 and G 4 with respect to x (8) , we obtain
Thus the polynomial Res x (8) (G 1 , G 4 ) of x (6) does not have real roots, for x (6) = 1. If x (6) = 1 then Proposition 5.2 (1, (ii)) implies that the metric is naturally reductive and this concludes the proof.
6. Invariant Einstein metrics on certain Stiefel manifolds V ℓ+m C ℓ+m+n A complete description for the set of all SU(ℓ + m + n)-invariant metrics on the Stiefel manifolds V ℓ+m C ℓ+m+n ∼ = SU(ℓ + m + n)/ SU(n) is not easy. This is because the isotropy representation χ of U(ℓ + m + n)/ U(n) ∼ = SU(ℓ + m + n)/ SU(n) contains some equivalent subrepresentations. In fact, it is given as
where µ n : U(n) → Aut(C n ) is the standard representation of U(n) and Ad U(n) ⊗C = µ n ⊗μ n is its complexified adjoint representation. In this section we search for Ad(S(U(ℓ)× U(m) × U(n)))-invariant Einstein metrics of the form (17), which correspond to a subset of all SU(ℓ + m + n)-invariant metrics on V ℓ+m C ℓ+m+n .
The metric (17) is Einstein if and only if the system r 0 = 0, r 1 − r 2 = 0, r 2 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0 (38) has positive solutions (cf. Propositions 4.4, 4.8) . As for the case of the special unitary group, in the above system we may assume that a = d = 1, b = 0.
6.1. The Stiefel manifold V 2 C 4 ∼ = SU(4)/ SU(2). In this case we have ℓ = m = 1, n = 2 and in system (38) the second and third equations are absent. From the equation r 0 = 0 we obtain that
Next, we observe that in the equations r 4 −r 5 = 0, r 5 −r 6 = 0 the variables v 4 , v 5 are linear expressions of x (6) , x (8) . We substitute v 4 , v 5 and the above value of c in the equations r 6 − r 7 = 0, r 7 − r 8 = 0 and we obtain the solutions x (8) = 0, −1 (both rejected) and
x (8) = 1, which implies that c = 0. We set x (7) = 1 in the last four equations of system (38) and this reduces to the system
From the second equation above we have v 5 = x (6) . We substitute into the first and third equations above and we obtain two polynomials of x (6) and v 4 :
Thus we have a polynomial of x (6) given by 8x (6) 2 − 16x (6) + 5 = 0 whose solutions are x (6) = (4 ± √ 6)/4. We substitute these values into g 1 = 0 and we see that, for x (6) = (4 − √ 6)/4, v 4 = (52 + 3 √ 6)/4 and, for x (6) = (4 + √ 6)/4, v 4 = (52 − 3 √ 6)/4. Therefore, we obtain two Einstein metrics for V 2 C 4 which are of Jensen's type:
(1) (v 4 , v 5 , x (6) , x (7) , x (8) ) = ((52 + 3 √ 6)/4, (4 − √ 6)/4, (4 − √ 6)/4, 1, 1) (2) (v 4 , v 5 , x (6) , x (7) , x (8) ) = ((52 − 3 √ 6)/4, (4 + √ 6)/4, (4 + √ 6)/4, 1, 1).
6.2. The Stiefel manifold V 3 C 5 ∼ = SU(5)/ SU(2). In this case we have ℓ = 1, m = n = 2 and in system (38) the second equation is absent. To find Einstein metrics we solve the system r 2 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0, r 7 − r 8 = 0.
We set x (7) = 1 and this reduces to the system:
Also, from r 0 = 0 we obtain that
We consider a polynomial ring R = Q[z, x (6) , x (8) ] and an ideal I generated by {g 1 , g 2 , z x (6) x (8) − 1} to find non zero solutions for the equations g 1 = 0, g 2 = 0. We take a lexicographic order > with z > x (6) > x (8) for a monomial ordering on R. Then by the aid of computer we see that a Gröbner basis for the ideal I contains the polynomials
where h(x (8) ) is given by 
where w(x (8) ) is a polynomial with rational coefficients. We solve the equation h(x (8) ) = 0 numerically and we obtain two positive solutions, which are given approximately as
By substituting the values of x (8) into (39) we obtain two positive solutions of the system of equations g 1 = 0, g 2 = 0, approximately as (x (6) , x (8) ) ≈ (0.476191, 0.973092) (x (6) , x (8) ) ≈ (1.965348, 1.45884).
We substitute these values into the expressiosn of u 2 , u 4 and u 5 and obtain two Einstein metrics on V 3 C 5 ∼ = SU(5)/ SU(2) which are given as follows:
(1) (u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.390148, 1.47889, 0.50248, 0.476191, 0.973092, 1), (2) (u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.499212, 1.42431, 2.06481, 1.965348, 1.45884, 1).
In the case where x (8) = 1 then c = 0 and from g 2 = 0 we obtain that 9 −20x (6) 6 + 40x (6) 5 − 64x (6) 4 + 100x (6) 3 − 35x (6) 2 = 0.
The solutions of the above equation are x (6) = (10 − √ 30)/10, x (6) = (10 + √ 30)/10. We substitute into u 2 , v 4 and v 5 and we obtain two more Einstein metrics of Jensen's type as follows:
(3) (u 2 , v 4 , v 5 , x (6) , x (7) , x (8) ) = (1 − 3/10, 4(55 + 2 √ 30)/175, 1 − 3/10, (10 − √ 30)/10, 1, 1), (4) (u 2 , v 4 , v 5 , x (6) , x (7) , x (8) ) = (1 + 3/10, 4(55 − 2 √ 30)/175, 1 + 3/10, (10 + √ 30)/10, 1, 1). We consider a polynomial ring R = Q[z, x (6) , x (8) ] and an ideal I generated by {g 1 , g 2 , zx (6) x (8) − 1} to find non zero solutions for the equations g 1 = 0, g 2 = 0. We take a lexicographic order > with z > x (6) > x (8) for a monomial ordering on R. Then by the aid of computer we see that a Gröbner basis for the ideal I contains the polynomial
where h(x (8) ) = We solve the equation h(x (8) ) = 0 numerically and we obtain four positive solutions which are given approximately as We substitute the above solutions into u 1 , u 2 , u 4 and u 5 and we find three Einstein metrics on V 4 C 6 ∼ = SU(6)/ SU(2) which are given as follows:
(1) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.29693405, 1.0265896, 0.80273874, 1.4899863, 1.2876390, 0.67539547, 1) (2) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.60542236 0.34843563, 1.451313, 0.52095356, 0.50583947, 0.94334874, 1) (3) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.36936036, 0.64178000, 1.5384701, 0.55223857, 0.53621683, 1.0600534, 1) (4) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (1.5199830, 0.43964472, 1.1885462, 2.2060946, 1.9064963, 1.4806140, 1).
In the case where x (8) = 1 then c = 0, and from g 2 (x (6) , x (8) ) = 0 we obtain
The solutions of the above equation are
x (6) = 1/2, x (6) = 3/2, x (6) ≈ 0.806273, x (6) ≈ 1.54752.
Then by substituting the above solutions into u 1 , u 2 , v 4 and v 5 we find two Einstein metrics of Jensen's type and two more Einstein metrics on V 4 C 6 ∼ = SU(6)/ SU(2), which are given as follows:
(1) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) = (1/2, 1/2, 3/2, 1/2, 1/2, 1, 1) (2) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) = (3/2, 3/2, 17/18, 3/2, 3/2, 1, 1) (3) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.276881, 0.276881, 1.43815, 1.05836, 0.806273, 1, 1) (4) (u 1 , u 2 , v 4 , v 5 , x (6) , x (8) , x (7) ) ≈ (0.326422, 0.326422, 1.17554, 1.92172, 1.54752, 1, 1).
The above computations can be summarized in the following theorem:
Theorem 6.1. 1) The complex Stiefel manifold V 2 C 4 = SU(4)/ SU(2) admits two Ad(S (U(1) × U(1) × U(2))-invariant Einstein metrics of the form (17), which are of Jensen's type.
2) The complex Stiefel manifold V 3 C 5 = SU(5)/ SU(2) admits four Ad(S(U(1) × U(2) × U(2))-invariant Einstein metrics of the form (17), two of which are of Jensen's type.
3) The complex Stiefel manifold V 4 C 6 = SU(6)/ SU(2) admits eight Ad(S(U(2) × U(2) × U(2))-invariant Einstein metrics of the form (17), two of which are of Jensen's type.
6.4. The Stiefel manifolds V 2m C 2m+n . In the next theorem we prove existence of Einstein metrics, which are not of Jensen's type, on large families of complex Stiefel manifolds.
Theorem 6.2. The complex Stiefel manifolds V 2m C 2m+n admit at least two Ad(S(U(m) × U(m)×U(n)))-invariant Einstein metrics, which are not of Jensen's type, for the following values of m and n: m ≥ 8 n ≥ m/2 m = 6, 7 n ≥ 4 m = 4, 5 n ≥ 3 m = 2, 3 n ≥ 2 −10625m 6 + 544050m 4 − 80384m 2 + 32768 = −10625(m 2 − 64) 3 − 1495950(m 2 − 64) 2 − 61001984(m 2 − 64) − 561963008 and thus B n,m (3/2) < 0 for n ≥ m/2 and m ≥ 8. Some smaller values of m can be examined separately as follows.
For m = 7 we see that B n,7 (3/2) = − 1 256 15309(n − 4) 5 + 605070(n − 4) 4 + 8694540(n − 4) 3 +53940288(n − 4) 2 + 126839488(n − 4) + 49348608 , and thus B n,7 (3/2) < 0 for n ≥ 4. (In fact, we can show that B 3,7 (x (6) ) > 0 for all x (6) .) Similarly, we obtain the following table: m = 6, 7 B n,m (3/2) < 0 for n ≥ 4 B 3,m (x (6) ) > 0 for all x (6) m = 4, 5 B n,m (3/2) < 0 for n ≥ 3 B 2,m (x (6) ) > 0 for all x (6) m = 2, 3 B n,m (4/3) < 0 for n ≥ 2
Finally, the value of B n,m (x (6) ) at x (6) = 2 is B n,m (2) = 4(2m 5 n + m 4 (8n 2 + 5) + 4m 3 n(2n 2 + 9) + m 2 (84n 2 − 2) + m(80n 3 − 6n) +32n 4 − 8n 2 + 1) and we observe that for all positive integers n, m we have B n,m (2) > 0. From the above it follows that there exist at least two positive solutions for x (6) = α 1 , β 1 , where m ≥ 8 n ≥ m/2 0 < α 1 < 3/2, 3/2 < β 1 < 2 m = 6, 7 n ≥ 4 0 < α 1 < 3/2, 3/2 < β 1 < 2 m = 4, 5 n ≥ 3 0 < α 1 < 4/3, 4/3 < β 1 < 2 m = 2, 3 n ≥ 2 0 < α 1 < 4/3, 4/3 < β 1 < 2 .
Next, we substitute into (40) and we take real solutions for u 1 , v 4 and v 5 , so we must prove that these are positive. We take the resultant of the polynomials B n,m (x (6) ) and the numerator of the rational function u 1 − H 1 (x (6) ) and we obtain the polynomial q 1 (u 1 ) = 16(m 2 − 1) 6 n 16 (m 2 + mn + 1)(2mn + 1)(m 2 + 2mn + 2) 2 × 32m 5 n + 144m 4 − 96m 3 n 3 + 336m 3 n − 176m 2 n 4 + 384m 2 n 2 − 24m 2 −96mn 5 + 168mn 3 − 6mn − 16n 6 + 24n 4 + 1 h 1 (u 1 ), where h 1 (u 1 ) = (m − 1) 2 (m + 1) 2 n 4 (3m + 2n) 4 u 8 1 − 4(m − 1)(m + 1)(7m 2 − 4)n 4 (2m + n) × (3m + 2n) 3 u 7 1 + n 3 (3m + 2n) 2 (4 73m 4 − 88m 2 + 24 n 3 + m 1197m 4 − 1448m 2 + 404 n 2 +(1219m 6 − 1505m 4 + 396m 2 + 16)n + m 120m 6 − 133m 4 − 2m 2 + 24 )u 6 1 −2n 3 (2m + n)(3m + 2n) 32(3m 2 − 1)(7m 2 − 4)n 3 + 2m(1495m 4 − 1376m 2 + 316)n 2 +(3235m 6 − 3016m 4 + 492m 2 + 96)n + m 867m 6 − 674m 4 − 208m 2 + 144 u 5 +n 2 256 3m 2 − 1 2 n 6 + 64m 353m 4 − 244m 2 + 47 n 5 + 8(10011m 6 − 6816m 4 + 1138m 2 +96)n 4 + 4m 32552m 6 − 20249m 4 + 1176m 2 + 1116 n 3 + 2(50219m 8 − 24032m 6 −7052m 4 + 4176m 2 + 48)n 2 + m(32406m 8 − 7077m 6 − 15356m 4 + 5192m 2 + 288)n +m 2 (3060m 8 − 1227m 6 − 1587m 4 + 172m 2 + 216) u 4 1 − 8n 2 (2m + n) 16m(37m 4 − 22m 2 +5)n 4 + 4 731m 6 − 319m 4 + 26m 2 + 16 n 3 + 4m(1033m 6 − 63m 4 − 244m 2 + 94)n 2 +(2131m 8 + 1265m 6 − 1530m 4 + 356m 2 + 48)n + m(351m 8 + 467m 6 − 339m 4 − 77m 2 + 72) u 3 1 + 4n 48m 2 19m 4 − 10m 2 + 3 n 5 + 4m 1159m 6 − 226m 4 − 33m 2 + 60 n 4 +4(1915m 8 + 750m 6 − 545m 4 + 186m 2 + 24)n 3 + m(4827m 8 + 6834m 6 − 2097m 4 − 128m 2 +444)n 2 + (1093m 10 + 2998m 8 + 713m 6 − 1190m 4 + 472m 2 + 16)n + m(36m 10 + 230m 8 +93m 6 − 130m 4 + 19m 2 + 24) u 2 1 − 8n(2m + n)(m 2 + 2mn + 2)(9m 8 + 46m 6 + 21m 4 −16m 2 + 8 + 2 39m 4 − 18m 2 + 7 m 2 n 2 + 77m 6 + 88m 4 − 47m 2 + 22 mn)u 1 + 4(5m 4 −2m 2 + 1)(m 2 + mn + 1)(2mn + 1)(m 2 + 2mn + 2) 2 .
We observe that the coefficients of the polynomial h 1 (u 1 ) are positive for even degree terms and negative for odd degree terms. Thus if the equation h 1 (u 1 ) = 0 has real solutions, then these are all positive. By the same way we take the resultant for the polynomials B n,m (x (6) ) and the numerator of the rational function v 4 − H 4 (x (6) ) and we obtain the polynomial q 4 (v 4 ) = −16n 20 − 32m 5 n − 144m 4 + 48m 3 (2n 2 − 7)n + 8m 2 (22n 4 − 48n 2 + 3) +6m(16n 5 − 28n 3 + n) + 16n 6 − 24n 4 − 1 h 4 (v 4 ), where h 4 (v 4 ) = (2m + n) 8 (3m + 2n) 4 (m 2 + mn + 1)(2mn + 1)(m 2 + 2mn + 2) 2 v 8 4 −2n(2m + n) 8 (3m + 2n) 3 (m 2 + 2mn + 2) 6m 6 + 68m 5 n + 128m 4 n 2 + 41m 4 + 64m 3 n 3 +172m 3 n + 132m 2 n 2 + 54m 2 + 84mn + 16 v 7 4 + n(2m + n) 6 (3m + 2n) 2 80m 11 +3060m 10 n + 22010m 9 n 2 + 544m 9 + 64352m 8 n 3 + 14245m 8 n + 92232m 7 n 4 + 75004m 7 n 2 +619m 7 + 68384m 6 n 5 + 151044m 6 n 3 + 20896m 6 n + 25088m 5 n 6 + 139312m 5 n 4 +75512m 5 n 2 + 224m 5 + 3584m 4 n 7 + 59328m 4 n 5 + 94496m 4 n 3 + 11436m 4 n + 9408m 3 n 6 +48432m 3 n 4 + 24064m 3 n 2 + 192m 3 + 8640m 2 n 5 + 15776m 2 n 3 + 1968m 2 n + 3200mn 4 +1776mn 2 + 96m + 384n 3 + 64n v 6 4 − 2n 2 (2m + n) 6 (3m + 2n) 2876m 11 + 37908m 10 n +177352m 9 n 2 + 9199m 9 + 401744m 8 n 3 + 108038m 8 n + 485856m 7 n 4 + 404452m 7 n 2 +6988m 7 + 319744m 6 n 5 + 667416m 6 n 3 + 96400m 6 n + 107520m 5 n 6 + 541664m 5 n 4 +269168m 5 n 2 + 2948m 5 + 14336m 4 n 7 + 211520m 4 n 5 + 293408m 4 n 3 + 34312m 4 n +31360m 3 n 6 + 138304m 3 n 4 + 59424m 3 n 2 + 2064m 3 + 23040m 2 n 5 + 35264m 2 n 3 +6080m 2 n + 6400mn 4 + 3968mn 2 + 576m + 512n 3 + 384n v 5 4 + n 2 (2m + n) 4 × 16080m 14 + 520608m 13 n + 4322720m 12 n 2 + 14040m 12 + 16938600m 11 n 3 + 967712m 11 n +37781312m 10 n 4 + 7795248m 10 n 2 + 15289m 10 + 51970688m 9 n 5 + 26578272m 9 n 3 +524192m 9 n + 45604736m 8 n 6 + 48503328m 8 n 4 + 4250984m 8 n 2 + 11480m 8 +25566080m 7 n 7 + 52079872m 7 n 5 + 12309456m 7 n 3 + 241944m 7 n + 8849920m 6 n 8 +33943424m 6 n 6 + 17616272m 6 n 4 + 1308512m 6 n 2 + 1544m 6 + 1720320m 5 n 9 +13190400m 5 n 7 + 13936000m 5 n 5 + 2594464m 5 n 3 + 133056m 5 n + 143360m 4 n 10 +2805760m 4 n 8 + 6201088m 4 n 6 + 2454848m 4 n 4 + 368864m 4 n 2 + 1264m 4 + 250880m 3 n 9 +1450240m 3 n 7 + 1192960m 3 n 5 + 379328m 3 n 3 + 21536m 3 n + 138240m 2 n 8 + 283648m 2 n 6 +172608m 2 n 4 + 33664m 2 n 2 + 864m 2 + 25600mn 7 + 31232mn 5 + 17856mn 3 + 1152mn +1024n 6 + 3072n 4 + 384n 2 v 4 4 − 16n 3 (2m + n) 4 7808m 13 + 111360m 12 n + 594784m 11 n 2 +6356m 11 + 1664096m 10 n 3 + 125340m 10 n + 2765152m 9 n 4 + 642880m 9 n 2 + 5036m 9 +2863040m 8 n 5 + 1579252m 8 n 3 + 48298m 8 n + 1856640m 7 n 6 + 2159232m 7 n 4 +219000m 7 n 2 + 2819m 7 + 729216m 6 n 7 + 1718224m 6 n 5 + 454480m 6 n 3 + 26488m 6 n +157696m 5 n 8 + 786208m 5 n 6 + 472096m 5 n 4 + 78116m 5 n 2 + 408m 5 + 14336m 4 n 9 +190464m 4 n 7 + 254976m 4 n 5 + 92712m 4 n 3 + 9592m 4 n + 18816m 3 n 8 + 67712m 3 n 6 +49408m 3 n 4 + 17184m 3 n 2 + 388m 3 + 6912m 2 n 7 + 10880m 2 n 5 + 10272m 2 n 3 + 1248m 2 n +640mn 6 + 1920mn 4 + 872mn 2 + 144m + 128n 3 + 96n v 3 4 + 16n 3 (2m + n) 2 2240m 15 +96128m 14 n + 848320m 13 n 2 + 2328m 13 + 3499648m 12 n 3 + 56304m 12 n + 8416192m 11 n 4 +500432m 11 n 2 + 544m 11 + 12975200m 10 n 5 + 1956172m 10 n 3 + 38600m 10 n + 13339312m 9 n 6 +4349536m 9 n 4 + 180104m 9 n 2 + 620m 9 + 9219520m 8 n 7 + 5940704m 8 n 5 + 543914m 8 n 3 +14624m 8 n + 4215392m 7 n 8 + 5109920m 7 n 6 + 976656m 7 n 4 + 109640m 7 n 2 + 431m 7 +1217920m 6 n 9 + 2760400m 6 n 7 + 1006392m 6 n 5 + 272120m 6 n 3 + 1808m 6 n + 200704m 5 n 10 +904704m 5 n 8 + 597264m 5 n 6 + 311304m 5 n 4 + 19228m 5 n 2 − 46m 5 + 14336m 4 n 11 +163840m 4 n 9 + 199680m 4 n 7 + 180544m 4 n 5 + 36856m 4 n 3 + 2872m 4 n + 12544m 3 n 10 +34368m 3 n 8 + 51584m 3 n 6 + 27072m 3 n 4 + 5776m 3 n 2 + 5m 3 + 2304m 2 n 9 + 5760m 2 n 7 +8544m 2 n 5 + 3616m 2 n 3 + 400m 2 n + 960mn 6 + 720mn 4 + 404mn 2 + 24m + 96n 3 + 16n v 2 4 −256n 4 (2m + n) 2 496m 14 + 8080m 13 n + 44736m 12 n 2 + 472m 12 + 130952m 11 n 3 +2136m 11 n + 236456m 10 n 4 + 7056m 10 n 2 + 84m 10 + 280320m 9 n 5 + 20276m 9 n 3 +1968m 9 n + 221432m 8 n 6 + 40056m 8 n 4 + 7344m 8 n 2 + 56m 8 + 114488m 7 n 7 + 47760m 7 n 5 +14298m 7 n 3 + 350m 7 n + 36864m 6 n 8 + 33170m 6 n 6 + 15930m 6 n 4 + 2028m 6 n 2 + 38m 6 +6656m 5 n 9 + 13056m 5 n 7 + 9600m 5 n 5 + 4107m 5 n 3 + 111m 5 n + 512m 4 n 10 + 2688m 4 n 8 +2880m 4 n 6 + 3312m 4 n 4 + 384m 4 n 2 − 9m 4 + 224m 3 n 9 + 336m 3 n 7 + 1152m 3 n 5 +312m 3 n 3 + 108m 3 n + 144m 2 n 6 + 72m 2 n 4 + 120m 2 n 2 + 2m 2 + 30mn 3 + 5mn + 2 v 4 +64n 4 (4m 4 + 32m 3 n + 32m 2 n 2 + 4m 2 + 8mn 3 + 1)(64m 3 n 9 + 768m 4 n 8 + 3840m 5 n 7 +4m 2 2629m 4 − 24m 2 + 12 n 6 + 96m 3 183m 4 − 8m 2 + 4 n 5 + 96m 4 (197m 4 − 24m 2 +12)n 4 + 4m 3316m 8 − 810m 6 + 417m 4 − 12m 2 + 3 n 3 + 48m 2 8m 4 − 2m 2 + 1 × (15m 4 − 2m 2 + 1)n 2 + 48m 3 28m 8 − 14m 6 + 11m 4 − 4m 2 + 1 n + 4m 4 + 2m 2 − 1 2 × 5m 4 − 2m 2 + 1 ).
We observe that the coefficients of the polynomial h 4 (v 4 ) are positive for even degree terms and negative for odd degree terms. Thus if the equation h 4 (v 4 ) = 0 has real solutions, then these are all positive.
We finally conjecture that the Stiefel manifolds V 2 C n+2 = SU(n + 2)/ SU(n) admit precisely two invariant Einstein merics, which are of Jensen's type. This is the analogue of the real Stiefel manifolds V 2 R n+2 = SO(n + 2)/ SO(n), which had been studied before by other authors (eg. [Ke] ).
